ABSTRACT This paper focuses on the analysis of microstrip structures with graphene material as the conducting strip using two numerical methods, spectral domain technique and method of lines. The conductivity of graphene sheet is modeled in the analytical method using a tensor matrix. The results obtained from the above-mentioned methods are compared with those of commercial COMSOL modeling software. The structure is parametrically studied to investigate the effects of chemical potential and magnetic field bias on its behavior. The considered structures demonstrate attractive characteristics such as tunablility of dispersion and characteristic impedance as functions of chemical potential and magnetic bias, which can be used in new microwave applications. These characteristics have not been observed in the ordinary microstrip line structures.
I. INTRODUCTION
Graphene structures are two-dimensional stable forms of hexagonal carbon, created in 2004 for the first time [1] . Considering their numerous attractive features, these structures have drawn the attention of researchers. Graphene sheet has electronic properties, like controllability of conductivity throughout the gate voltage, which make it unique for inventing new electronic devices [2] . These properties can be found in atomically thin metal films as well. However, graphene is stable in even one atomic layer sheet and keeps its features up to 10 atomic layer sheets [3] . These features can be used to produce new nanosize devices such as touchscreens, antennas, flexible electronics, and microwave devices in broad frequency ranges [4] - [10] .
Researchers have been long theoretically working on the properties of graphene sheets. However, the techniques of fabrication have been proposed recently. The conductivity of graphene can be explained as follows [11] :
where the positive real part denotes the graphene loss, and the imaginary part with either positive or negative values determines the propagation modes in the graphene. The controllability of the imaginary part can be considered in many applications, such as tunable antennas and transmission lines. Many works have been reported deriving the exact model of graphene conductivity. However, Kubo model presents the most accurate formulation considering all parameters which affect the conductivity [12] . The model is expressed as follows:
where
and in which,
The factor µ c is the chemical potential (which can be controlled by the applied electrostatic bias field E 0 =ẑE 0 , or by doping); is the phenomenological electron scattering rate that is assumed to be independent of energy; B 0 =ẑB 0 is the applied magnetostatic bias field; e is the charge of an electron; = h/2π is reduced Planck's constant; ν F = 10 6 m/s is the electron's energy-independent velocity; is the excitonic energy gap, and f d (ε) = (e (ε−µ c )/K B T + 1) −1 is the FermiDirac distribution, in which, ε is the energy and K B is the Boltzmann's constant.
The applications related to the tunablility such as a tunable microstrip transmission line can be effectively used for producing new attractive devices at microwave frequencies. In this research, a microstrip transmission line is presented with the graphene material as its conducting strip (shown in Fig. 1 ). This structure is analyzed using two exact numerical methods: the spectral domain technique and the method of lines. The obtained results are compared with those of commercial Multiphysics COMSOL simulation software. According to the results, the transmission line characteristics such as characteristic impedance and propagation constant change with the graphene conductivity related parameters. Moreover, in addition to the normal mode, the plasmonic mode can also propagate through the structure.
II. NUMERICAL METHODS

A. SPECTRAL DOMAIN METHOD
In order to analyze planar transmission lines, the Fourier transform or spectral domain method is the best procedure. This method was first introduced by Yamashita and Mittra to calculate the impedance and phase velocity of microstrip lines based on quasi-TEM propagation mode approximation [13] . Quasi-TEM approximation is not appropriate for higher frequencies and therefore a full wave analysis is required as proposed by Denlinger [14] through solving integral equations using the Fourier transform technique. However, the accuracy of that method strongly depends on the distribution of assumed currents on the strip. In order to overcome this deficiency, Itoh and Mittra suggested a systematic approach [15] in which, the Galerkin method is used to form a system of homogeneous equations. This method is now called Spectral Domain Method (SDM).
Formulations of SDM are presented in [16] to analyze microstrip transmission lines with perfect electric conductor strips. A similar process is followed in this research to analyze a microstrip transmission line with a graphene strip. The conductivity of the graphene strip is modeled by a tensor matrix instead of using an infinite conductivity. Accordingly, the Fourier transform is defined as follows:
Therefore, hybrid fields are defined as the superposition of TE-to-y and TM-to-y modes, derived from scalar potentials ψ e andψ h , which are expressed as follows:
whereŷ = jωε,ẑ = jωµ, k 2 = ω 2 µε, ε is the electric permittivity, and µ is the magnetic permeability. Field quantities obtained from (7)- (12) , are the Fourier transforms of the corresponding quantities in the space domain. The Fourier-transformed Helmholtz equation is solved for both scalar potentials considering the boundary conditions of the problem. Consequently, the solutions can be assumed for regions 1 and 2 (specified in Fig. 1 ) and defined as follows:
Region 1 (equating the tangential fields to zero at y = 0):
Region 2 (equating the fields to zero at infinity):
where A e , A h , B e , B h are unknown coefficients, and γ i = α 2 + β 2 − k 2 i is the propagation constant in the y direction. Substituting (13) - (16) into (7)- (12) , the field potentials in the two regions are expressed as follows: 
Also, the following boundary conditions have to be satisfied at y = d in the space domain.
where J z (x) and J x (x) are unknown current distributions on the strip at y = d. Boundary conditions are obtained in the spectral domain as Fourier transforms of (29)-(32). By imposing the spectral domain boundary conditions on (17)-(28), the relations forẼ x1 ,Ẽ z1 ,J x , andJ z are obtained as follows:
and
There are four unknownsẼ x1 ,Ẽ z1 ,J x , andJ z in (33). The method of moments is applied to the spectral domain equations, andJ x andJ z are defined in terms of N and M known basis functionsJ xm andJ zm , respectively, as follows:
where c m and d m are unknown coefficients. The momentum matrix is then obtained as follows:
On the other hand, from the tensor relation on the graphene surface:
Based on the Parseval's theorem and considering the zero value ofJ zm outside the region x < |w/2|, (46) is rewritten as follows:
Substituting (41) in (52) yields
Also, in a similar manner,
Consequently, we can write
Therefore, (43) can be rewritten as follows:
Finally, the propagation constant is obtained by equating the determinant of the matrix in (58) to zero. Any nonzero basis functions can be used to obtain the distribution of the currents on the strip. However, it should be noted that the accuracy and efficiency of the method depend on the selection of the functions. It means that the functions should be compatible to the nature of the structure. To derive the ordinary propagation modes, the basis functions are chosen to be symmetric in the space domain, which are defined as follows:
The Fourier transforms of (59)-(60) are expressed as follows:
However, the plasmonic modes are not modeled accurately when employing symmetric basis functions. Therefore, the basis functions are considered as a combination of sine and cosine functions.
As the propagating mode is not TEM, the characteristic impedance of the structure can be defined as follows:
where I 0 is the effective z-directed current on the graphene strip, and P is the real power propagating in the z direction, defined as follows
whereẑ is the unit vector in the z direction, and E × H * is the time averaged quantity. As mentioned earlier, x dependence of quantities can be removed using Fourier transform. Therefore, (64) is redefined using Parseval's theorem, as follows:
in which, the subscripts 1 and 2 are related to the fields in the regions 1 and 2, which are derived in (17)-(28). The coefficients A e , A h , B e , B h and propagation constant β are unknown and should be calculated before integrating. By imposing (29) to the boundary conditions of (31), we have (68), as shown at the bottom of the next page: Having the currents on the graphene sheet, (68) can be used to calculate the unknown coefficients A e , A h , B e , B h . The propagation constant is obtained from (58) by equating the determinant of the matrix on the left side to zero. This system of equations offer infinite numbers of solutions, and eventually the unique solution is obtained by determining the excitation conditions of the transmission line. The factor c1 is assumed to be unity, and based on which, the other coefficients are calculated. Then the coefficients A e , A h , B e , B h and thus the fields are calculated. Finally, the real power is obtained using (65) and the factor I 0 in (63) is expressed as follows:
B. METHOD OF LINES
Various methods have been used to analyze the graphenebased structures, having their own advantages and disadvantages [17] , [18] . Full analytical methods have restrictions in the analysis of complex structures, i.e., only some specific structures can be analyzed by such methods. Complex structures may also be analyzed using fully numerical methods, disregarding their analytical capabilities. However, such methods require large simulation times. Therefore, to analyze a structure, a hybrid analytical-numerical technique is preferred which exploits the capabilities of both methods: a fair simulation time along with the ability to deal with general scenarios. The method of lines, which is a semi numerical-semi analytical method, requires a less simulation time compared to a fully numerical method, due to the partial exploitation of an analytic method [19] . This method is highly appropriate to analyze multi-layered structures and/or the structures that can be divided into several layers with a good approximation. The method of lines was primarily used for the analysis of quasiplanar waveguide structures [20] . This method can be applied to analyze 2-D and 3-D structures which require oneand two-dimensional discretizations, respectively [21] , [22] . The following outlines how the method of lines is used to analyze a graphene microstrip line which is a 2-D structure and requires discretization only in one direction.
To analyze the eigenmodes of structures by the method of lines, the impedance and admittance are transformed from their both sides to obtain the characteristic equation through writing the boundary conditions on a plate. A question now arises: what is the characteristic equation if the plate contains graphene? According to Fig. 2 , the graphene-contained interface is surrounded by the layers denoted by the numbers k and l, counted from the bottom and top of the structure, respectively. In other words, the fields m − and m + correspond to the numbers k and l, respectively. The boundary condition on the graphene-contained interface is defined as follows:
By substitution of the fields and currents into (70), it is reduced to:
The above equation is rewritten as:
Note that H z and J x have the same discretization values which are transformed by the matrix T h . Also, H x and J z have equal discretization quantities transformed by T e . If the fields are discretized, and the first and second rows of (72) are multiplied by T h and T e , respectively, the equation can be rewritten in the transformed domain as follows:
is rewritten as follows:
VOLUME 5, 2017 Starting from the bottom and top of the structure, and applying the admittance transformation to the graphenecontained interface, the fields are obtained as:
By substitution of these expressions into (74), one can obtain:
Considering the admittance transformation, it is clear that (76)-(77) are obtained in the transformed domain as well. These equations should be written in the space domain in order to apply appropriate boundary conditions and obtain the characteristic equation. Therefore, (77) is written in the space domain as follows:
The current and electric field vectors on plane m of microstrip line (Fig. 3) are as the follows:
where the index g indicates the lines on the graphene plate, ls and rs indicate the lines located in the slot regions on the left and right sides of the graphene plate, respectively. The columns of matrix Z in (79) are multiplied by zero components of the current vector and can be omitted. Therefore, the matrix can be reduced as follows: 
In the above equation, after reducing the Z matrix, the vector on the right hand side includes the field components in the slot regions or on the graphene plate. As a result, the submatrices of the equation are divided into left slot (ls), right slot (rs), and graphene plate (g), and thus (81) 
The current in the graphene plate is calculated as:
The current vector in the discretized form is as follows:
It should be noted that the field components take different positions; for instance, in (86), the E x component is discretized at a location different from that of E z component. Therefore, these components cannot be added to or subtracted from each other directly. To overcome this deficiency, the interpolation matrices are utilized in (86) to obtain the values of σ zxh E x,g and σ zxe −jE z,g at the correct position.
Eq. (86) is substituted into (83), which results in:
In the above equation the superscript g denotes that the matrices dimensions are reduced to the number of discretization lines in the graphene plate.
Eq. (87) is rewritten in the homogeneous form as follows: 
from which, the effective permittivity of the microstrip line, ε re , is obtained from the above equation. An alternative approach to get the characteristic equation is to use (76), through which the matrix Ȳ tk +Ȳ tl is not inverted. Therefore, (76) is rewritten as follows:
Using (80), (92) is rewritten as follows: 
This equation is decomposed in the following form: 
y 31 y 32 y 33 y 34 y 35 y 36 y 61 y 62 y 63 y 64 y 65 y 66
These equations are rewritten, respectively, as follows: 
In the aforesaid equations, the current vectors on the graphene plate are written in terms of the electric field.
Eqs. (97), (98) and (99) are rewritten in a concise form, respectively, as follows:
The vectors [E ls ] and [E rs ] are obtained from (100) and (101) as follows:
[
Eqs. (103) and (104) are substituted into (101) which results in:
Therefore, the characteristic equation is defined as follows:
The characteristic equations (105) and (89) are solved following similar procedures. The analyzed structure of the microstrip line is shown in Fig. 1 . The width of the graphene strip (w) and the thickness of the dielectric layer (d) are both equal to 1 mm. The permittivities ε 1 = 4 and ε 2 = 1 are substrate and vacuum relative dielectric constants, respectively.
Note that the propagation constant is computed as follows:
III. VALIDATION OF THE PROPOSED METHODS
In the previous sections, the graphene-based microstrip transmission line has been analyzed by two methods, SDM and MOL. Here, results obtained from numerical simulations are validated through comparing them with those of commercial COMSOL Multiphysics software. This software solves the electromagnetic fields using the finite element method. The electric field is obtained by solving Maxwell's equations. Magnetic field, currents and other quantities are derived from the electric field.
In this paper, a microstrip transmission line with the graphene strip of 1 mm width and = 0.11meV has been simulated. The substrate has a thickness of 1mm, and a dielectric constant of 4. Several values have been assumed for chemical potentials. The propagation constant is obtained using modal analysis of COMSOL. A cross section of the structure is designed in 2-D plane environment and shown in Fig. 4 . The one dimensional graphene sheet is considered as a very thin material with a thickness of d = 1um. Its permittivity is anisotropic and is calculated as follows:
and d is the thickness of the graphene sheet. Substituting (109) into (108), the permittivity tensor is expressed as follows:
The dimensions of the structure are considered 3mm×3mm to model a semi-infinite medium. The bottom side of the dielectric is assumed to be a perfect electric conductor, and other boundaries are radiation boundary conditions. The electric field distribution of the structure pertaining to the modes of Fig. 5 are illustrated in Figs. (6)- (8) .
As shown in Fig. 8 , the propagating mode with chemical potential µ c = 0.1eV is similar to a plasmonic mode with the propagation constant
Interestingly, at optical frequencies, the dominant mode of a plasmonic graphene strip transmission line is the edge mode as well. At such frequencies, the graphene can be modeled with a non-tensor conductivity. Accordingly, the condition of plasmonic mode propagation in the graphene is the imaginary part of surface conductivity being negative. Considering the tensor conductivity, finding the condition is not easy and requires a relation including both σ zz and σ xz parts.
B. THE EFFECT OF MAGNETIC BIAS ON DISPERSION
In this session, the effect of magnetic bias is assessed on the dispersion. Because of the significance of the non-plasmonic modes, the chemical potential is considered as a constant value equal to µ c = 0.8eV . Fig. 9 presents the dispersion diagram plotted for 4 magnetic field bias values (B 0 = 0.05T , 0.1T , 0.2T , 1T ).
According to Fig. 9 , the dispersion diagrams plotted for different values of magnetic field biases are coincident and hence the propagation constant seems independent of B 0 . This independence can also be shown by studying the electric 
The resistivity R zz has been plotted in Fig. 10 as a function of magnetic bias, showing its independency from B 0 .
The propagation constant of the structure is obtained from (58) by equating the determinant of left hand matrix to zero. As the matrix elements, P (1, 1) km and P (2, 2) lm , are independent of the magnetic bias, the dispersion diagram does not vary with the magnetic bias.
C. CHARACTERISTIC IMPEDANCE Fig. 11 shows the characteristic impedances of the structure obtained from STD and MOL analyses, and plotted as a function of frequency. As shown, the characteristic impedance has a strong dependence on the frequency. However, in practical microstrip structures, the characteristic impedances are required to be independent of frequency. This feature makes the transmission line not applicable to wideband structures as well as microstrip lines.
An interesting feature is to control the characteristic impedance with chemical potential at certain frequencies especially in designing tunable microwave devices. As the chemical potential is usually in the range 0-1 eV, the characteristic impedance is plotted in Fig 12 as a function of the chemical potential in the aforesaid range at the frequency 50 GHz. According to the figure, the characteristic impedance can be tuned in a wide range.
V. CONCLUSION
The graphene-based microstrip structure are analyzed using the Spectral Domain Technique and the Method of Lines. The graphene sheet is considered in the calculations as a tensor conductivity. The results obtained from the two methods are compared with those of the software simulations for verification. According to the obtained results, a plasmonic mode propagates through the structure for certain values of the chemical potential, which is not the case for the conventional microstrip lines. Moreover, unlike conventional microstrip structures, the dispersive behavior of graphenebased microstrip structures has tuning capabilities. Besides, the characteristic impedance can also be controlled by the chemical potential parameter which is promising for new microwave applications.
